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(1.1) Con(ZF)→ Con(ZF + V = L).3

1ZFC� ZermeloõFraenkelúnXÚ (ZF)\þÀJúp (AC)©
2=T·KÚ§�Ä½Ñ� ZFC��©
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2. ÿÏ�.�å½'X

duV = L%¹ CH§� (1.1)%¹
ëYÚb���é��5©

�·�Ø�U2^S�.��{5y²§ ¬CH��é��5©Ï�§

b�·�3 ZFCeó�§·��d7L�E ZFC+V ∕= L�S�.M©d

u L´���S�.§·�k L ⊆M©� L ⊨ (V = L)
M ⊭ (V = L)©

� L ⊊M©�Ò´`§·�3 ZFCey²
V ∕= L©XJ ZF��§�â

(1.1)§ù´Ø�U�©

Ïd§b�V½M´ZFC�a�. /8Ü�.§¡�Ä:�. (ground

model)§·��UF"*ÜÄ:�.±�����/�0� ZFC ��.

V[G] ⊇ V½M [G] ⊇ M©·�rò��E��.¡�Ä:�.�ÿÏ*

Ü (generic extension)©ùÒ´�� (Paul J. Cohen)3 1962cu²�å½

{ (����©ó�ë� Cohen [1964])©

·��e5���ÑA�À�´3 ZFCún�µee?1�©©¥ò

¬�9��
8ÜØ�Ä�Vg§~Xµ48½Â!8By²!Sê!k

Sé�;�S!�éz!ýé5! S!Ù��ê!È�!�ó�©Öö

�3 Jech [2002]Ú Kunen [1980]¥�é�'½ÂÚ½n©

�!ÿÏ�.�å½'X

å½{�y�Lã¥§�EÿÏ*ÜM [G]�å½'X��ªkü«§

�«´|^Ù��ê��{§�«´��|^ S5�E©cö��*§


�ö���§éuéå½{��?�Ú�í2$^���B$©3�©

¥§�öò± S�´»�Ì�§B�0�Ù��ê�ª�éA½Â!½

n±�Ïn)©1

y3§·�b� ZFC��©5¿§ ZFC´���ê���ó (�¹�

� ∈ ¢c)e�nØ©dx����5½nÚ�e� LST ½n[Enderton,

2006, 151]§·��±b� M ´ ZFC��ê�.©qd Mostowsky�¥

½n[Jech, 2002, 69]§·��±b�M ´D4� (transitive)©e©¥§e

ÃAO`²§M � ZFC����êD4�.©ù�Ò´·��Ä:�.©

dd§·�ò�EM þ�ÿÏ�.M [G]±9å½'X ⊩§¿¦Ù÷ve

ã½n©

½n 2.1 M ´ ZFC��êD4�.§ ℙ´M ¥ S§ G´ ℙþ (�

éuM)�ÿÏÈ©K�3M �ÿÏ*ÜM [G]§÷vµ

(i) M [G]´ ZFC�D4�.¶

(ii) M ⊆M [G]� G ∈M [G]¶

(iii) M [G]´÷v (i)!(ii)����.©

3ë� Kunen [1980]
1±e�(Ò�½Â!ÚnÚ½n�Ù��ê�ª¤�9�½Â!y²§½�`²Ù��ê

�ª� S�ª�m'X�¤��y²©Öö�ÀJÑLù
SN©ÏLÄ:�.¥?¿ 

S5Ú\ÿÏ*ÜÚå½'X��{�u Kunen [1980]§|^��Ù��ê�Qã�ª�ë�

Jech [2002]©
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2. ÿÏ�.�å½'X

½n 2.2 b�½n 2.1�cJ§M [G]´ÿÏ*Ü§�½úª'(v1, . . . , vn)

(¤kgdC�®�Ñ)Ú �1, . . . , �n ∈Mℙ§K

'(�G1 , . . . , �
G
n )M [G]§��=� ∃p ∈ G(p ⊩ '(�1, . . . , �n))M .

·�òÅ�½Âþã½n¥Ñy�ÿÏÈ! M [G]! Mℙ! �G �â�§

¿3�!"y²þãü�½n©

?¿�½ (ℙ,≤) ∈ M ´M ¥� S©duM ´D4�§ ℙ,≤±9?
¿ p ∈ ℙÑ3M ¥©�
�*§·�r ℙ¥��¡�^� (condition)©é

p, q ∈ ℙ§e p ≤ q§·�¡^� p' q r¶e p ⊥ q§=Ø�3 r ∈ ℙ÷v
r ≤ p� r ≤ q§K¡^� p� qØ�N½ØUÓý©

½Â 2.3 e G ⊆ ℙ´ S ℙþ�È§K¡ G´ ℙþ�éuM �ÿÏ

È (generic filter)1§��=�é?¿D ∈M§eD´ ℙ�È�f8§@o
G ∩D ∕= ∅©

î�5`§·�éu^5å½�^�8§= S ℙvk?Û�	�¦©
�3å½{�¢S$^¥§ S8 ℙÑ÷vXe5�µ

(2.1) é?¿ p ∈ ℙ§�3 q ≤ p, r ≤ p§÷v q ⊥ r©

½n 2.4 ℙ ∈ M ´ S©ℙ ÷v (2.1)§��=�?¿ ℙ þÿÏÈ
G /∈M©

y² b� ℙ÷v (2.1)©?�ÿÏÈ G ⊆ ℙ©�� G ∈ M©d8Ü~
$�ýé§D = ℙ∖G ∈M©?� p ∈ ℙ©e p ∈ G§d (2.1)§�3 q, r ≤ p
� q ⊥ r©duG´È§Ø�UüöÑáuG§=½ö q ∈ D§½ö r ∈ D©
� DÈ�©
 G ∩D = ∅©gñ©
�L5§b� ℙØ÷v (2.1)§=�3 p ∈ ℙ¦é?¿ q, r ≤ p§ q � r

�N©- G =
{
r ∈ ℙ

∣∣ ∃q ∈ ℙ(q ≤ p ∧ r ≥ q)
}
©w,§ G´ÿÏÈ©
d

ýé5§ G ∈M©

Ïd§éuØ÷v (2.1)� S§�3ÙþÿÏÈ G ∈ M©q�â½n
2.1§dd)¤�ÿÏ�.M [G] = M§òvk¿Â©

y3§·�Êe5wwÙ��ê�?n�ª©ùkÏu·�n)^�8

ℙ��*¿Â©
�½?¿��Ù��ê (B,≤) ∈ M©·�¡ B¥�� u, v, w �ý�©

�£Á§3����Â)º¥§·��²�Ù��ê {0, 1}��ý���
���©éu u, v ∈ B§u ≤ v ��*/n)�/v ' u �ý0¶aq/

u ⋅ v = 0L«üöØ�N©

*½Â 2.5 H ´Ù��ê Bþ�éuM �ÿÏ�È (generic ultrafil-

ter)§��=� H ´ Bþ�È�é?¿ X ∈M§ X ⊆ H§k∏
X ∈ H©

�*þ§Ù��ê Bþ�ÿÏ�È H òý�8 B©¤ü�§þ��ý§
e��b (ë�§ã 2.1)©eã½n�«
��Ù��êþÿÏ�È� S

þÿÏÈ�'X©

1e©¥§X�AO`²§` G´ÿÏÈ§��� G´ ℙþ�éuM �ÿÏÈ
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2. ÿÏ�.�å½'X

True

False

ã 2.1: Ù��êÚ�È

*½n 2.6 �½��Ù��ê B§G ⊆ B©´ H ´ BþÿÏ�È§�
�=� H ´ S B+þÿÏÈ©

�X�!Ì�½Â�ÅÚÚ\§·��òy²§|^ S ℙ9ÙþÿÏ
È G�ÏL��Ù��ê B9ÙþÿÏ�È H ¤��å½vk��«O©

e¡§·�Äk3?¿ S8���Ù��ê�mïá��éA©

*½Â 2.7  S ℙ´�©�§��=�é?¿ p, q ∈ ℙ§e p ≰ q§K

�3 r ≤ p� r ⊥ q©

*½n 2.8 XJ (ℙ, <)´�© S§@o�3�� (3Ó��¿Âþ)

��Ù��ê B¦ (ℙ, <)´ (B+, <)�f(�§� ℙ3 B¥È�©

y² ·�¡ U ⊆ ℙ´��©� (cut)§��=�é?¿ p ∈ ℙe�3
q ∈ U � p ≤ q§K p ∈ U©é?¿ p ∈ ℙ§ Up =

{
q ∈ ℙ

∣∣ q ≤ p
}
´��©

�©

·�¡��©� U ´�K� (regular)§��=�é?¿ p /∈ U§�3
q ≤ p¦� U ∩ Uq = ∅©
é?¿ p ∈ ℙ§e q /∈ Up§= q ≰ p§d ℙ�©§�3 r ≤ q¦ r� pØ

�N§=Ur ∩ Up = ∅©� Up´�K�©

é?¿©� U§·�½Â U =
{
p ∈ ℙ : (∀q ≤ p)U ∩ Uq ∕= ∅

}
©�±y

²§U ´�¹� U ����K©� (ë�ã 2.2)©

½Â B � ℙþ¤k�K©��8Ü©Äky² (B,⊆)´����Ù�

�ê©

é u, v ∈ B§½Â

u ⋅ v = u ∩ v, u+ v = u ∪ v, −u =
{
p : Up ∩ u = ∅

}
.

N´�y§ (u ⋅ v), (u + v), (−u)Ñ´�K©�©~X§e u´�K©�§

@oé?¿ p /∈ −u§= Up ∩ u ∕= ∅§�±� q ∈ Up ∩ u©K q ≤ p �

Uq ∩ −u = ∅©Ï�é?¿ r ∈ Uq§r ≤ q ∈ Up ∩ u§� r ∈ Ur ∩ u ∕= ∅©Ï

 −u�K©�N´�y§ u ⋅ v´ u� v�e(3£�éu ⊆¤¶ u+ v´

u� v�þ(.¶
 u� −u�þ(.´ ℙ§e(.´ ∅©� (B,⊆)´��

Ù��ê©
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2. ÿÏ�.�å½'X

U

p /∈ U , but p ∈ U

q /∈ U

U

ã 2.2: U 7→ U

é X ⊆ B§½Â
∏
X =

∩
X§

∑
X =

∪
X©�N´y²§

∏
X �∑

X Ñ´�K©��©O´ X �e(.�þ(.©Ïd B ´��Ù��

ê©

½Â ℙ� B�N�µ p 7→ Up©w,§ p ≤ q§��=� Up ⊆ Uq©
é
p ≰ q§d ℙ�©§�3 r ≤ p
 r ≰ q§� Up ∕= Uq©�TN�´��i

\©

��§·�y
{
Up
∣∣ p ∈ ℙ

}
3 B¥È�©é?¿ U ∈ B+§= U ´��

�K©�§� p ∈ U§K Up ⊆ U©
� B�þãi\�_���*Ü��©
�y²��5§b� B� ℂÑ´÷vþã^����Ù��ê©½Â

f : B 7→ ℂ§¦é?¿ u ∈ B§

f(u) =
∑ℂ {

p ∈ ℙ
∣∣ p ≤ u

}
.

�±�y§ f ´ B� C �Ó�©

±þ§·�y²
�±r�©� S§È�/i\���� (Ó�¿Â

þ)��Ù��ê¥"¯¢þ§·��±3?¿ S���Ù��ê�mï

áéA©

*½n 2.9 é?¿ S (ℙ,≤)§�3�«©� S (ℚ,⪯) ±9÷�

ℎ : ℙ 7→ ℚ÷v§

(i) e x ≤ y§K ℎ(x) ⪯ ℎ(y)¶

(ii) é?¿ x, y ∈ ℙ§ x� y�N§��=� ℎ(x)� ℎ(y)�N©

y²��{µé p, q ∈ ℙ§e�3 p ∕= q � p � q Ø�©§=Ø�3

r ≤ p¦ r ⊥ q½ r ≤ q¦ r ⊥ p (�ã 2.3)©·�Ø�r p, qw�Ó��^

�§=ïá�d'Xµ

p ∼ q, ��=� ∀r(r� p�N ↔ r� q�N).

- ℚ =
{

[p]
∣∣ p ∈ ℙ

}
= ℙ/ ∼©N´�y§ ℚÚN� ℎ(x) = [x]÷v (i)!

(ii)©
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2. ÿÏ�.�å½'X

q

p

r

ã 2.3: ^ r«© p, q

·�y²{z S ℙ§�§� ∼û8´Ã³�§=�d�^�å½�Ó
�ÀÜ©

*½n 2.10 ?� p, q ∈ ℙ§e p ∼ q§Ké?¿ D ⊆ ℙ§ D 3 peÈ

�§��=� D3 qeÈ�©

y² b� p ∼ q©�½ D3 peÈ�§=é?¿ r ≤ p§�3 s ∈ D§
¦ s ≤ r©y?� t ≤ q§Ï
 t� q�N©d p ∼ q§ t�� p�N§=�

3 r ≤ p� r ≤ t ≤ q©d§ pÈ�§��3 s ∈ D§¦ s ≤ r ≤ q©Ï
 D

�3 qeÈ�©

(Ü�©¥'uå½'X�½Â 2.23§ØJ�y§XJ p ∼ q§K p ⊩ '

��=� q ⊩ '©

(Ü½n 2.8Ú 2.9§N´��eãíØ©

*íØ 2.11 é?¿ S ℙ§�3����Ù��ê B±9N� e : ℙ 7→
B+¦�

(i) p ≤ q%¹ e(p) ≤ e(q)¶

(ii) p� q�N§��=� e(p) ⋅ e(q) ∕= 0¶

(iii)
{
e(p)

∣∣ p ∈ ℙ
}
3 B+¥È�©

u�l ℙ� ℙ/ ∼§2�d ℙ/ ∼�K©�|¤� B§�âýé5§�±
y²e ℙ ∈M§K B ∈M©
·�£��Ì�?Ö§½ÂÿÏ*ÜM [G]Úå½'X©å½{��*

�{´§)¹3M ¥�<�U��,�«����U­.M [G]©�d§

M ¥�<��k�«�ó5Qã@«�U�­.§=å½�ó (forcing

language)©·�½ÂM ¥<�^5�¡M [G]¥é��;¶ (ℙ-¶)�8

ÜMℙµ

½Â 2.12 � ´ ℙ-¶§��=� � ´'X§�é?¿ (�, p) ∈ �§ � ´

ℙ-¶� p ∈ ℙ©

5¿§þã½ÂAn)�48½Â§
¿�Ì�½Â©Ùî��½ÂA

´k48½Â$�µ

H(�) =

⎧
⎨
⎩

1 XJ � ´'X§é?¿ (�, p) ∈ �§H(�) = 1� p ∈ ℙ§
0 ÄK©
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2. ÿÏ�.�å½'X


 Vℙ =
{
�
∣∣ H(�) = 1

}
©5¿§u�þã½Â��§ ℙ-¶éu ZFCD4

�.M ´ýéVg©ÏdMℙ = (Vℙ)M = Vℙ ∩M©
�A/§|^Ù��ê§·�½Â B-¶ (Ó�´48½Â©�O?n)§

·�¦^,�¥½Â�ª)©

*½Â 2.13

V B0 = ∅,
V B�+1 =

{
ẋ ⊆ V B� × B

∣∣ ẋ´¼ê
}
,

V B� =
∪
�<� V

B
� (e �´4�Sê),

VB =
∪
�∈Ord V

B
� .

éM ¥Sê �§½ÂMB
� = (V B� )M©MB = (VB)M©

aq/§·���±½Â V ℙ0 = ∅§ V ℙ�+1 = P (V ℙ� ×ℙ)§ V ℙ� =
∪
�<� V

ℙ
�

(�4�)§
Vℙ =
∪
�∈Ord V

ℙ
�©N´�y§ù�cã½Â��©aqéV

�©�©·���±é ℙ-¶©�©

½Â 2.14 rank(�) =��� �¦ � ∈ V ℙ�+1©

N´y²§é ℙ-¶ �, �§e � ∈ dom �§K rank(�) < rank(�)©

·��±½Â ℙ-¶� B-¶�m�éA

*½Â 2.15 (i) � ´ ℙ-¶§

�B =
{

(�B, u)
∣∣∣ � ∈ dom � and u =

∑{
e(p)

∣∣ (�, p) ∈ �
}}
.

(ii) ẋ´ B-¶§

ẋℙ =
{

(ẏℙ, p)
∣∣ (∃u)(ẏ, u) ∈ ẋ and e(p) ≤ u

}
.

N´�y§e � ´ ℙ-¶§K �B´ B-¶¶e ẋ´ B-¶§K ẋℙ´ ℙ-¶©

p, (�, p) ∈ �

∑ {e(p) ∣ (�, p) ∈ �}

ã 2.4: ℙ-¶� B-¶

M,ℙ�å½�ó�¹k��¢cÎÒ ∈�r¤kM ¥ ℙ-¶��~�

ÎÒ����ó (∈, �)�∈Mℙ©�A/§^Ù��ê�ª½Â�å½�ó´

(∈, ẋ)ẋ∈MB©
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2. ÿÏ�.�å½'X

½Â 2.16 � ´ ℙ-¶§ G´ÿÏÈ©-

�G =
{
�G
∣∣ (∃p ∈ G)(�, p) ∈ �

}
.

½ÂÿÏ*Ü

M [G] =
{
�G
∣∣ � ∈Mℙ}.

5¿§ �G�½Â�´48�©aq/

*½Â 2.17 ẋ´ B-¶§ H ´ÿÏ�È©½Â

ẋH =
{
ẏH
∣∣ ẋ(ẏ) ∈ H

}
.

M [H] =
{
ẋH

∣∣ ẋ ∈MB}.

*½n 2.18 M ´Ä:�.§ ℙ´M ¥ S§G´ ℙ�ÿÏÈ©K�
3M ¥��Ù��ê B§ BþÿÏ�È H§¦M [G] = M [H]©

y² díØ 2.11(3M ¥¦^)§�3 B ∈M§ B´M ¥��Ù��

ê1§±9N� e : ℙ 7→ B+÷v

(i) p ≤ q%¹ e(p) ≤ e(q)¶

(ii) p� q�N§��=� e(p) ⋅ e(q) ∕= 0¶

(iii)
{
e(p)

∣∣ p ∈ ℙ
}
3 B+¥È�©

-

H =
{
u ∈ B

∣∣ (∃p ∈ G)e(p) ≤ u
}
.

·�y² H ´ÿÏ�È©

d½Â§é?¿ u ∈ H§�3 q ∈ G§ e(q) ≤ u©e u ≤ v§K e(q) ≤ v§
� v ∈ H©q§é?¿ u, v ∈ H§�3 p, q ∈ G÷v e(p) ≤ u� e(q) ≤ v©

d G´È§�3 r ∈ G÷v r ≤ p, q§Ï
 e(r) ≤ e(p) ⋅ e(q) ≤ u ⋅ v©�
u ⋅ v ∈ H©Ïd H ´È©

é?¿ u ∈ B©�Ä

D =
{
p ∈ ℙ

∣∣ e(p) ≤ u
}
∪
{
p ∈ ℙ

∣∣ e(p) ≤ −u
}
.

d e ∈ M§´y D ∈ M©·�y²§ D 3 ℙ ¥È�©?� p ∈ ℙ©
e(p) ⋅ u ∕= 0 ½ e(p) ⋅ −u ∕= 0©Ø��cö©d e[ℙ] 3 B+ ¥È�§�3

q ∈ ℙ§k e(q) ≤ e(p) ⋅ u©2K e(q) ⋅ e(p) = e(q) ∕= 0©qd (ii)§�3 r ∈ ℙ§
k r ≤ p, q©2d (i)§ e(r) ≤ e(q) ≤ u©Ïd§DÈ�©K G∩D ∕= ∅©=
�3 p ∈ D§�o p ≤ u§�o p ≤ −u©Ï
§�o u ∈ H§�o−u ∈ H©
Ïd§ H ´�È©

?� X ∈M§ X ⊆ H©·�F"y²§∏
X ∈ H©

15¿§/´Ù��ê0´ýé�©� (B��)M Ø�½�y B��§ØL�±�yé?¿
X ∈M§e X ⊆ B§K∑

X,
∏
X ∈ B©

25¿§du (i)����Ø¤á§ùpØU���� q ≤ p

8



2. ÿÏ�.�å½'X

-

D1 =
{
q ∈ ℙ

∣∣ (∀u ∈ X)e(q) ≤ u
}

;

D2 =
{
q ∈ ℙ

∣∣ (∃u ∈ X)e(q) ⋅ u = 0
}
.

d X, e9ýé5§´y D1 ∪D2 ∈M©·�y§ D1 ∪D23 ℙ¥È�©?
� p ∈ ℙ©e p /∈ D1§=�3 u ∈ X ¦ e(p) ≰ u§= e(p) − u ∕= 0©d

e[ℙ]3 B+¥È�§�3 q¦ e(q) ≤ e(p)− u©aq/§2d (i), (ii)§�3

r ∈ ℙ÷v e(r) ≤ e(q) ≤ −u§Ï
 r ∈ D2§¿� r ≤ p©Ïd§ D1 ∪D2

3 ℙ¥È�©� G ∩ (D1 ∪D2) ∕= ∅©
,
§ G ∩D2 = ∅©Ï�§é?¿ p ∈ G§?¿ u ∈ X ⊆ H§k q ∈ G

¦ e(q) ≤ u© p, q �N§d (ii)§ e(p) ⋅ u ≥ e(p) ⋅ e(q) > 0©Ïd§�3

s ∈ G ∩D1©w,§ e(s)´ X �e.©� e(s) ≤∏X§Ï

∏
X ∈ H©

·�y²
§ H ´ BþÿÏ�È©��§·�y²§M [G] = M [H]©

·� ℙ-¶ � 8By²§ �G = (�B)H©

é?¿ �G ∈ �G§�3 p ∈ G§¦ (�, p) ∈ �©d½Â 2.15§k (�B, u) ∈
�B§� e(p) ≤ u§� u ∈ H©Ï
§ (�B)H ∈ (�B)H©
d8Bb�§

(�B)H = �G©

��§b� (�B)H ∈ (�B)H =
{

(�B)H
∣∣ �B(�B) ∈ H

}
©�

∑{
e(p)

∣∣
(�, p) ∈ �

}
= �B(�B) ∈ H©K7½�3 p ∈ ℙ¦ (�, p) ∈ � � e(p) ∈ H©

ÄK§d H ´�È§é?¿ (�, p) ∈ �§ −e(p) ∈ H©d H ´ÿÏ�È§∏{−e(p)
∣∣ (�, p) ∈ �

}
∈ H©gñ©Ïd§�3 p ∈ G§ (�, p) ∈ �©�

�G ∈ �G©
d8Bb�§ (�B)H = �G©

aq�±y²§é?¿ B¶ ẋ§ ẋH = (ẋℙ)G©

Ún 2.19 M [G]D4©

y² ?� x ∈ M [G]© x = �G =
{
�G

∣∣ ∃p ∈ G
(
(�, p) ∈ �

)}
§


� ∈Mℙ-¶©dMℙ½Â§é? (�, p) ∈ �§ � ∈Mℙ§� �G ∈M [G]©

�e5§·�E^48�ª5½ÂÄ:�.¥8Ü�;�¶©

½Â 2.20 é?¿ x§½Â x̌ =
{

(y̌, p)
∣∣ y ∈ x, p ∈ ℙ

}
©

w,§é?¿ x§ x̌ ´ ℙ-¶©ÏL8B§N´y²§ x̌G = x©Ïd

M ⊆M [G]©

·�½ÂÿÏÈ�;�¶µ

½Â 2.21 Ǧ =
{

(p̌, p)
∣∣ p ∈ ℙ

}
.

5¿§ ǦÙ¢Ø�6uäN�ÿÏÈ G� Ǧ ∈ M© Ǧ´M ¥�<�

^5�¡ G�¶i§�)¹3M ¥�<¿Ø�� G�.´�o©¯¢þ§

G´M ¥<���@£M [G]¤"���&E©ÏL G§¤k ℙ-¶Ñ��

²(�)º (½Â 2.16)§�) Gg�µ

ǦG = G ∈M [G].

�A/§/^Ù��ê½Â�;�¶µ
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2. ÿÏ�.�å½'X

*½Â 2.22

ẍ =
{

(ÿ, 1)
∣∣ y ∈ x

}
.

Ḧ =
{

(ü, u)
∣∣ u ∈ B

}
.

e¡´�!¥����½Â))^��å½�óúª�m�å½'X

(⊩)©

½Â 2.23 (i) (a) p ⊩ �1 ⊆ �2§��=�é?¿ (�, r) ∈ �1§8Ü{
q ≤ p

∣∣ q ≤ r → q ⊩ � ∈ �2
}
3 p�eÈ�©

p ⊩ �1 = �2§��=� p ⊩ �1 ⊆ �2� p ⊩ �2 ⊆ �1©
(b) p ⊩ �1 ∈ �2§��=�8Ü

{
q ≤ p

∣∣ ∃(�, r) ∈ �2(q ≤ r ∧ q ⊩ � =

�1)
}
3 p�eÈ�©

(ii) p ⊩ ' ∧  §��=� p ⊩ '� p ⊩  ©

(iii) p ⊩ ¬'§��=�é?¿ q ≤ p§¿� q ⊩ '©

(iv) p ⊩ ∃x'(x)§��=�8Ü
{
q ∈ ℙ

∣∣ ∃�
(
�´ ℙ-¶ ∧ q ⊩ '(�)

)}
3 p

�eÈ�©

þã½Â¥§(i)¥� (a)!(b)´Äu (rank(�1), rank(�2))�;�S�4

8½Â©TÜ©§=^���fúª�å½'X§3M e´ýé�©
�

�½Â§= (i)-(iv)§A�À�ÄuúªE,Ý�48½Â©�5¿ (iv)f

é¥�Ã.þc ∃�§¤±��/å½'XØ´ýé�©= (p ⊩ ')M ��

Ø�du p ⊩ '©

·�25w�eÄuÙ��ê�å½'X½Â©

*½Â 2.24 ½Âå½úª '(ẋ1, . . . , ẋn)�Ù��ê�Âµ

(i) (a) ∥ẋ ⊆ ẏ∥ =
∏
ż∈dom ẋ

(
− ẋ(ż) + ∥ż ∈ ẏ∥

)
,

∥ẋ = ẏ∥ = ∥ẋ ⊆ u̇∥ ⋅ ∥ẏ ⊆ ẋ∥;
(b) ∥ẋ ∈ ẏ∥ =

∑
ż∈dom ẏ

(
∥ẋ = ż∥ ⋅ ẏ(ż)

)
.

(ii) ∥' ∧  ∥ = ∥'∥ ⋅ ∥ ∥.

(iii) ∥¬'∥ = −∥'∥.

(iv) ∥∃x'(x)∥ =
∑

ẋ∈VB ∥'(ẋ)∥.1

�â½Â§N´8By²µ

*½n 2.25 �½úª '(v1, . . . , vn)§ �1, . . . , �n ∈ Vℙ§ ẋ1, . . . , ẋn ∈
VB±9 p ∈ ℙ

(i) p ⊩ '(�1, . . . , �n)§��=� e(p) ≤ ∥'(�B1 , . . . , �
B
n )∥.

(ii) p ⊩ '(ẋℙ1 , . . . , ẋ
ℙ
n)§��=� e(p) ≤ ∥'(ẋ1, . . . , ẋn)∥.

1aqå½'X§T½Âfé¦ ∥'∥��Ø´ýé�©§3M ¥��éz§�du¦��

�½ÂféC�µ ∥∃x'(x)∥M =
∑

ẋ∈MB ∥'(ẋ)∥.

10



2. ÿÏ�.�å½'X

å½'X�n)�M ¥�<1¤Ýº�'uM [G]����£�NX©

=XJ på½ '§@oÃØM [G]�.´�o (ÃØ��oG)§e^� pý

(p ∈ G)§K '�ý ('M [G])©ù�´½n 2.2¤L��§·�y3y²§©

Äk§·�0�å½'X��
5�©

Ún 2.26 (i) e p ≤ q§K q ⊩ '%¹ p ⊩ '©

(ii) é?¿ p ∈ ℙ§�3 q ≤ p§ q ⊩ '½ q ⊩ ¬'©

(iii) Ø�3^� pk p ⊩ '� p ⊩ ¬'©

�â½Â§ØJ�yþãÚn©±e§y²½n 2.2©

y² �½úª '(v1, . . . , vn)Ú �1, . . . , �n ∈Mℙ©

Äky² '´�fúª��¹©·�é (rank(�1), rank(�2))8B©

e '´ v1 = v2©

b� (�G1 = �G2 )M [G]©dýé5§ �G1 = �G2 §Ï
 �G1 ⊆ �G2 ©�Ä8Ü

(2.2) D =
{
p ∈ ℙ

∣∣∣ p ⊩ �1 ⊆ �2

∨ ∃(�, s) ∈ �1
(
p ≤ s ∧ ∀q ∈ ℙ(q ⊩ � ∈ �2 → q ⊥ p)

)}
.

·�y²§ D´È��©�½ p ∈ ℙ§e p ⊮ �1 ⊆ �2§=�3 (�, s) ∈
�1§¦

{
r ≤ p

∣∣ r ≤ s → r ⊩ � ∈ �2
}
3 p�eØÈ�©=§�3 q ≤ p§

é?¿ r ≤ q k§ r ≤ s� r ⊮ � ∈ �2©·�y²§ q ∈ D©w,§ q ≤ q

� q ≤ s©é?¿ t ∈ ℙ§e t ⊩ � ∈ �2§7k t ⊥ q©ÄK§�3 r ≤ q �

r ≤ t§dÚn2.26§ r ⊩ � ∈ �2©gñ©
Ïd§ G ∩D ∕= ∅©·��I2y²é?¿ p ∈ G§

¬∃(�, s) ∈ �1
(
p ≤ s ∧ ∀q ∈ ℙ(q ⊩ � ∈ �2 → q ⊥ p)

)
.

?� (�, s) ∈ �1©e p ≤ s§K s ∈ G©� �G ∈ �G1 §Ï
 �G ∈ �G2 ©d8B
b�§�3 q ∈ Gk q ⊩ � ∈ �2© q, p ∈ G§� q� p�N©

Ïd§�3 p ∈ Gk p ⊩ �1 ⊆ �2©Ón§��3 q ∈ Gk q ⊩ �2 ⊆ �1©

�3 r ∈ Gk r ≤ p� r ≤ q©dÚn 2.26§ r ⊩ �1 ⊆ �2 � r ⊩ �2 ⊆ �1§

Ï
§ r ⊩ �1 = �2©då½'X3�fúª�¹e�ýé5§ (r ⊩ �1 =

�2)
M©

�L5§b� p ∈ G� (p ⊩ �1 = �2)
M©dýé5§ p ⊩ �1 = �2©d½

Â§ p ⊩ �1 ⊆ �2©�y �G1 ⊆ �G2 ©
?� �G ∈ �G1 §=k (�, s) ∈ �1§� s ∈ G©� r ∈ G¦ r ≤ p� r ≤ s©

d½Â§8Ü D�,s =
{
t ≤ p

∣∣ t ≤ s → t ⊩ � ∈ �2
}
3 p�eÈ�§Ï
�

3 r�eÈ�©qd r ∈ G§��3 t ≤ r� t ∈ G∩D�,s©w,§ t ∈ G�
t ⊩ � ∈ �2©� �G ∈ �G2 ©
Ón�y§ �G2 ⊆ �G1 ©Ï
 �G1 = �G2 §dýé5§ (�G1 = �G2 )M [G]©

e '´ v1 ∈ v2©
1¤±§·���^å½'X3M e��éz§= (p ⊩ ')M©
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2. ÿÏ�.�å½'X

b� (�G1 ∈ �G2 )M [G]©dýé5§ �G1 ∈ �G2 =
{
�G

∣∣ ∃s ∈ G(�, s) ∈
�2
}
©� (�, s) ∈ �2§¦ s ∈ G � �G = �G1 ©d8Bb�§�3 r ∈ G k

r ⊩ � = �1©d s ∈ G� r ∈ G§�� p ∈ G÷v p ≤ s� p ≤ r©Ké

?¿ q ≤ p§�3 (�, s) ∈ �2 ¦ q ≤ p ≤ s§� q ≤ p ≤ r ⊩ � = �1©�{
q
∣∣ ∃(�, s) ∈ �2(q ≤ s ∧ q ⊩ � = �1)

}
3 p�eÈ�§Ï
 p ⊩ �1 ∈ �2©d

ýé5§ (p ⊩ �1 ∈ �2)M©
�L5§b�k p ∈ G¦ (p ⊩ �1 ∈ �2)M§Ï
 p ⊩ �1 ∈ �2©dýé5§

�Iy§ �G1 ∈ �G2 ©
d½Â§8Ü E�,s =

{
q ≤ p

∣∣ ∃(�, s) ∈ �2(q ≤ s ∧ q ⊩ � = �1)
}
3

p �eÈ�©qd p ∈ G§�3 q ∈ G ∩ E�,s©� (�, s) ∈ �2 ¦ q ≤ s �

q ⊩ � = �1©d q ≤ s� q ∈ G§ s ∈ G§Ï
 �G ∈ �G2 ©qd8Bb�§
�G = �G1 ©� �G1 ∈ �G2 ©
±þy²
�fúª��¹©�e5·�éúª 'E,Ý8B©

e ' = ¬ ©
b� (¬ )M [G]©K ¬( )M [G]©d8Bb�§Ø�3 p ∈ G ÷v (p ⊩

 )M©dÚn 2.26 (3M ¥�éz)§8Ü
{
p
∣∣ (p ⊩  )M ∨ (p ⊩ ¬ )M

}
3

ℙ¥È�©�§�3 p ∈ G§ (p ⊩ ¬ )M©

��§b� p ∈ G � (p ⊩ ¬ )M©�� ( )M [G]©d8Bb�§�3

q ∈ Gk (q ⊩  )M©� r ≤ p� r ≤ q©�Ún 2.26gñ©

e ' =  ∧ �©
b� ( ∧�)M [G]©= M [G]∧�M [G]©d8Bb�§�3 p ∈ G§(p ⊩  )M

� (p ⊩ �)M©d½Â§ (p ⊩  ∧ �)M©
�L5§b� p ∈ G� (p ⊩  ∧ �)M©d½Â§ (p ⊩  )M � (p ⊩ �)M©

qd8Bb��y©

��§e ' = ∃x (x)©

b� (∃x (x))M [G]©K�3 � ∈Mℙ§
(
 (�G)

)M [G]
©d8Bb�§�3

p ∈ G§ (p ⊩  (�))M©d½Â 2.23(iv)§(p ⊩ ∃x (x))M©

�L5§b� p ∈ G� (p ⊩ ∃x (x))M©d½Â§8Ü
{
q ≤ p

∣∣ ∃� ∈
Mℙ(q ⊩  (�))M

}
3 p eÈ�©�§�3 q ∈ G§¦�k � ∈ Mℙ k

(q ⊩  (�))M©qd8Bb�§  (�G)M [G]©Ï
 (∃x'(x))m[G]©

½n 2.2 �Ù��êéA½n´½n 2.2!2.18!2.25 �íØ (� ℙ =

B+)§��d�A�½Â��y²µ

*½n 2.27 M ´ ZFC��êD4�.§ B´M ¥��Ù��ê§

H ´ BþÿÏ�È©?�úª '(v1, . . . , vn)§ ẋ1, . . . , ẋn ∈MB§K

'(ẋH1 , . . . , ẋ
H
2 )M [H]§��=� ∥'(ẋ1, . . . , ẋn)∥M ∈ H.

3y²½n 2.1�c§k0�eãÚn©

Ún 2.28 (i) '(v1, . . . , vn) ´��Ü6ún§ �1, . . . , �n ∈ VB©K

é?¿ p ∈ ℙ§ p ⊩ '(�1, . . . , �n)©

(ii) p ⊩ '→  §� p ⊩ '§K p ⊩  ©

y3·�5�¤é½n 2.1�y²©

12



2. ÿÏ�.�å½'X

Ún 2.29 M [G]´ ZFC��.©

y² 	òún©·�Iy²µ

(2.3) ∀X ∈M [G]∀Y ∈M [G]
(
∀z ∈M [G](z ∈ X ↔ z ∈ Y )→ X = Y

)
.

dM [G]´D4� (Ún 2.19)§N´� (2.3).

Ä:ún©?¿± ∈���'X�8ÜØ�.÷v©
±eúnØÃ¡ún	þkXe/ªµ

(2.4) ∀x1 . . . ∀xn('(x1, . . . , xn)→ ∃y (x1, . . . , xn, y)).

�y²Ù3M [G]e��éz§�Ié?¿ �1, . . . , �n ∈ Mℙ �O�A� ℙ-

¶ �§¦ � ∈M§¿�y²§XJ'M [G](�G1 , . . . , �
G
n )§@o M [G](�G1 , . . . , �

G
n , �

G)©

©lún©�½ '§é?¿ � ∈Mℙ§�

� =
{

(�, p)
∣∣ (p ⊩ � ∈ � ∧ '(�)

)M}
.

w,§ �´ ℙ-¶©dýé5§N´�y � ∈M©
y?� x ∈M [G]§Ø�� x = �G©

b� �G ∈ �G � 'M [G](�G)©d½n 2.2§�3 p ∈ ℙ§÷v
(
p ⊩ � ∈

� ∧ '(�)
)M

(� (�, p) ∈ �)� p ∈ G§Ï
 �G ∈ �G©
�L5§b� �G ∈ �G©K�3 p ∈ G§¦ (�, p) ∈ �§=

(
p ⊩ � ∈

� ∧ '(�)
)M
©d½n 2.2§ �G ∈ �G� 'M [G](�G)©

é8ún©é �1, �2 ∈Mℙ§-

(2.5) � = op(�1, �2) =
∪{
{(�1, p), (�2, p)}

∣∣ p ∈ ℙ
}
.

w,§ �´ ℙ-¶©u�ýé5§N´y²§ � ∈M©w,§ �G1 , �
G
2 ∈ �G©

¿8ún©é � ∈Mℙ§�

� =
∪

dom �.

O�ún �½ '©?� � ∈Mℙ©b�

(2.6) (∀x ∈ �G∃!y'(x, y)
)M [G]

.

·�F"�E �§¦�

(2.7)
(
∀x ∈ �G∃y ∈ �G'(x, y)

)M [G]

�½ � ∈ dom �! p ∈ ℙ§·�3M ¥éeãúª (9Ùfúª)

∃�
(
� ∈ Vℙ ∧ p ⊩ '(�, �)

)

¦^���K (Reflection Principle)1§é�8Ü N ∈M ¦�

(2.8) ∃� ∈Mℙ(p ⊩ '(�, �)
)M ↔ ∃� ∈ N ∩Mℙ(p ⊩ '(�, �)

)M
.

15¿§���K�y²¦^
O�ún©
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3. ��5y²

� � = (N ∩Mℙ)× ℙ©K � ∈Mℙ©

y�½ �G ∈ �G©d (2.6)§�3 �G ¦ 'M [G](�G, �G)©d½n 2.2§�

3 p ∈ G§¦
(
p ⊩ '(�, �)

)M
©d (2.8)§Ø��§ � ∈ N§K (�, p) ∈ �§q

d p ∈ G§ �G ∈ �G©
�8ún©é � ∈Mℙ©� � =

(
P (dom � × ℙ)

)M × ℙ©
ÀJún (ûS½n)©?� � ∈ Mℙ©dM ¥ûS½n§�3 � ∈ M

¦ dom � =
{
��
∣∣ � < �

}
©-

� =
{

op(�̌, ��)
∣∣ � < �

}
× ℙ.

Ã¡ún©! = !̌G ∈M [G]§�|^±þ®yún§ !éM!M [G]´

ýé�§= !M [G] = !M = !©

Ún 2.30 M ´ ZFC��êD4�.§ ℙ´ M þ S§ G´ ℙþ
ÿÏÈ§M [G]´ÿÏ*Ü©Ké?¿ N ÷vµ N ´ ZFC�D4�.§

M ⊆ N � G ∈ N§kM [G] ⊆ N©

y² �Gé ZFCD4�. N ýé�©�M [G] = M [G]N ⊆ N©

n!��5y²

y3§·�®²ä�
å½{Jø�¤kóä©�!¥§·�ò0�å

½{���äN$^©=y²eã½n©

½n 3.1 é?¿Ã¡Äê �§

Con(ZFC)→ Con(ZFC + 2ℵ0 ≥ �).

Äuå½{���5y²�Ø%´�OT�� S©ùp§·�ò0�

dk¡Ü©¼ê|¤� S©

½Â 3.2

Fn(I, J) =
{
p ⊆ I × J

∣∣ p´¼ê ∧ ∣p∣ < !
}
.

F (I, J)þ�S½Â�§p ≤ q��=� p ⊇ q©

±e§·�wü�k¡Ü©¼êå½�~f©

~ 3.3 �ÄM ¥ S Fn(!, !1)þ�ÿÏÈ G©du?¿ü�Ü©¼

ê p, q ∈ G�N§¤± g =
∪
G´��¼ê©é?¿ n ∈ !§Dn =

{
p
∣∣ n ∈

dom p
}
3 Fn(!, !1)¥È�©Ó�§é?¿ � < !1§ E� =

{
p
∣∣ � ∈ ran p

}

�È�©¤± gÒ´l !� !1�÷�º�5¿§þã !1´Ä:�.M ¥

�1��Ã¡Äê©
 g´M [G]e�¼ê©¤±·����´

(
g´l !� (!1)

M �÷�
)M [G]

.

(5¿§!´ýé�)Ïd§ (!1)
M ∕= (!1)

M [G]©
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3. ��5y²

~ 3.4 é?¿Äê � > !§�Ä Fn(�M × !, {0, 1}) ∈ M©� G ´

T S���ÿÏÈ©Ó�§ g =
∪
G´ �M × ! � {0, 1}��¼ê©é

� ∈ �M§½Â f� : ! 7→ 2§-

f�(n) = g(�, n).

é?¿ �, � < �M§�Ä D�,� =
{
p
∣∣ (∃n < !)p(�, n) ∕= p(�, n)

}
©w,§

D�,� È�©��3 n ∈ ! ¦ f�(n) ∕= f�(n)©Ïd§3M [G]¥§ � 7→ f�

´l �M � 2ℵ0 ¥���N�©

Ó��5¿§�â~ 3.3�J«§·��I�y² �M = �M [G]§�U�

Ñ (� ≤ 2ℵ0)M [G]©

Ún 3.5 XJ S ℙ ∈M ÷v�êó5�§@o

(i) é?¿4�Sê � ∈ M§ (� ´�K�)M ��=� (� ´�K

�)M [G]©

(ii) é?¿4�Sê � ∈M§(cf �)M = (cf �)M [G]¶

(iii) é?¿Sê � ∈ o(M)§ (�´Äê)M ��=� (�´Äê)M [G]©

y² (i) dýé5§�M ⊆ M [G]§e f ∈ M 3M ¥´l � � ��

4O!Ã.N�§@ f 3M [G]¥�´ � � ��Ã.N�©� �3M [G]

¥�K%¹ �3M ¥�K©

b� (cf � = � < �)M [G]§·�F"y² �3M ¥�Ø�K©d !ýé

5§ � ≥ ! (3M [G],M ¥�Ñ¤á)©
��3 f ∈M [G]§

(f ´l � � ��¼ê ∧ f [�]3 �¥Ã. )M [G].

� f = �G©d½n 2.2§�3 p ∈ G§
(
p ⊩ � ´l �̌� �̌ �¼ê©

)M

3M ¥½Â¼ê F : � 7→ P (�)©é?¿ 
 < �§-

F (
) =
{
� < �

∣∣ (∃q ≤ p)
(
q ⊩ �(
̌) = �̌

)M}
.

Äk§·�y²§é?¿ 
 < �§ f(
) ∈ F (
)§Ï

∪

<� F (
)3 �

¥Ã.©Ø�� f(
) = �©K�3 r ∈ G§k (r ⊩ �(
̌) = �̌)M©Ïd§�

±� s ≤ r§ s ≤ p§¦ (s ⊩ �(
̌) = �̌)M©

Ùgy²§é?¿ 
 < �§ F (
)�ê (3M ¥)©é � ∈ F (
)§3M

¥|^ÀJúnÀJ q� ≤ p ¦ (q� ⊩ �(
̌) = �̌)M©é?¿ �, � ∈ F (
)§

e � ∕= �§K q� ⊥ q�©Ï�ÄK§�3ÿÏÈ G0§¦� p, q�, q� ∈ G0 �

M [G0]÷v f ´¼ê§ f(
) = �� f(
) = �§gñ©Ïd§N� � 7→ q� ´

���§�
{
q�
∣∣ � ∈ F (
)

}
´�ó©qd ℙ3M ¥��êó5�§ F (
)

3M ¥�ê©

Ïd§3M ¥§ ∣∪
<� F (
)∣ ≤ � ⋅ ! ≤ � < ��
∪

<� F (
)3 �¥Ã

.©� �3M ¥�Ø´�K�©
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3. ��5y²

(ii)- (cf � = �)M©K3M ¥�34OS� f r ���N�� �©d

ýé5§ f 3M [G]¥�´ �� ����N�©
§ (�´�K�)M§d

(i)§ (�´�K�)M [G]©du§/e�3�K� � (� < �)� ����N�§

K cf � = �03M [G]¥ý©¤± (cf � = �)M [G]©

(iii)e �3M [G]´Äê§Ké?¿ � < �§M [G]¥Ø�3 � � ��

��N�§dýé5§3M ¥�Ø�3©� �3M ¥�´Äê©

e � 3 M ¥´�KÄê©d (ii)§ (cf �)M [G] = (cf �)M = �© � 3

M [G]´Äê©

e �´M ¥4�Äê©K3M ¥§ �´'§���UÄê (�K)�

4�©dýé5§±9M ¥�UÄê�´M [G]¥Äê§3M [G]¥ ��

´Äê�4�§Ï
´Äê©

Ún 3.6 ∣J ∣ ≤ ℵ0§K Fn(I, J)k�êó5�©

y² ?� A ⊆ Fn(I, J)©b� ∣A∣ > ℵ0©·�y² AØ´�ó©

- B =
{

dom p
∣∣ p ∈ S

}
©K ∣B∣ > ℵ0©Ï�ÄK§ ∣A∣ ≤ ∣B × J<ℵ0 ∣ ≤

ℵ0 ⋅ ℵ<ℵ0
0 = ℵ0©Ïd§B´��dk¡8Ü|¤�Ø�ê8Ü©dΔ-XÚ

(Δ-system)½n [Kunen, 1980, 49]§�3 C ⊆ B§C´��Δ-XÚ§=�

38Ü a§é?¿ x, y ∈ C§ x ∩ y = a©- D =
{
p ∈ A

∣∣ dom p ∈ C
}
§K

∣D∣ > ℵ0©du ∣Ja∣ ≤ ℵ0§7½�3Ø�ê E ⊆ D§¦é?¿ p, q ∈ E§
p↾a = q↾a©qd dom p = dom q = a§ p� q �N©Ïd§ AØ´�ó©

±þ§·�®²y²
§é?¿Äê �©

Con(ZFC)→ Con(ZFC + 2ℵ0 ≥ �).

¯¢þ§ cf(2ℵ0) > ! [Jech, 2002, 55]´ ZFC�Ñ�éëYÚÄê��

���©

*½n 3.7 é?¿Ã¡Äê �§e cf � > !§K

Con(ZFC)→ Con(ZFC + 2ℵ0 = �).

�Bun)§·�/^Ù��ê5�ãy²©Äk·�y²eãÚn©

*Ún 3.8 ℙ´ S§ ∣ℙ∣ = �§� ℙk�êó5�©KíØ 2.11¥�

Ù��ê B+�Äê� �ℵ0©

y² é?¿ u ∈ B+§·��E���ó Xu ⊆ ℙ§¦ u =
∑
e[Xu] =∑{

e(p)
∣∣ p ∈ Xu

}
©du e[ℙ]3 B+¥È�§d ZornÚn§�3 B��ó

Yu ⊆ e[ℙ]©2dÀJún§�� Xu§¦é?¿ v ∈ Yu �3�� p ∈ Xu ¦

� e(p) = v©díØ 2.11(ii)§ Xu´�ó©

w,§N� u 7→ Xu´���©d ℙk�êó5�§ ∣B+∣ ≤ ∣ℙ!∣ = �ℵ0©

·�y²½n 3.7©
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3. ��5y²

y² du Con(ZFC) → Con(ZFC + GCH)§·�b�Ä:�.M ´

ZFC + GCH�D4�.©

b�3M ¥§ �´Äê� cf � > !©- ℙ = Fn(� × !, 2) ∈ M§ G´

ℙþ?¿ÿÏÈ©·�®²y²§

(2ℵ0 ≥ �)M [G].

·�F"y²

(3.1) (2ℵ0 ≤ �)M [G].

3 M ¥µ ∣ℙ∣ = (� × !)<! × 2<! = �©ℙ ´�©�§díØ 2.11 Ú

Ún 3.8§�3��Ù��ê B§¦ (ℙ,≤) ´ (B+,≤) �È�f(�§�

∣B+∣ = �ℵ0©

qd½n 2.18§�3 B�ÿÏ�È H ¦M [G] = M [H]©

?� X ∈ M [H]§ X ⊆ !©Ø�� X = ẋH©·�y²§o�3

ẏ ∈
(
Bdom !̈

)M
§1¦� ẋH = ẏH§= ∥ẋ = ẏ∥ ∈ H©-

(3.2) ẏ =
{

(n̈, u)
∣∣ n ∈ !, u = ∥n̈ ∈ ẋ∥M

}
.2

w,§ ẏ ∈
(
Bdom !̈

)M
©·�y²§ ∥ẋ = ẏ∥ = ∥ẋ ⊆ ẏ∥ ⋅ ∥ẏ ⊆ ẋ∥ ∈ H©

∥ẏ ⊆ ẋ∥ =
∏
n∈!

(
− ẏ(n̈) + ∥n̈ ∈ ẋ∥

)
©d½Â§é?¿ n ∈ !§

−ẏ(n̈) + ∥n̈ ∈ ẋ∥ = 1©� ∥ẏ ⊆ ẋ∥ = 1 ∈ H©
∥ẋ ⊆ ẏ∥ =

∏
ż∈dom ẋ

(
− ẋ(ż) + ∥ż ∈ ẏ∥

)
©�½ ż ∈ dom ẋ©XJ ẋ(ż) /∈

H©d H ´�È§ −ẋ(ż) + ∥ż ∈ ẏ∥ ∈ H©XJ ẋ(ż) ∈ H©K żH ∈
ẋH = X ⊆ !©Ø�� żH = m©K m̈H = m ∈ ẋH©d½n 2.27§

ẏ(m̈) = ∥m̈ ∈ ẋ∥ ∈ H©Ó�§ ∥ż = m̈∥ ∈ H©� −ẋ(ż) + ∥ż ∈ ẏ∥ ≥ ∥ż ∈
ẏ∥ =

∑
n∈! ẏ(ṅ) ⋅ ∥ż = n̈∥ ≥ ẏ(m̈) ⋅ ∥ż = m̈∥ ∈ H©Ïd§é?¿ ż ∈ dom ẋ

Ñk −ẋ(ż) + ∥ż ∈ ẏ∥ ∈ H©d H ´ÿÏ�È§ ∥ẋ ⊆ ẏ∥ ∈ H©
�e5§·�y²§3 M [H]¥§�3¼ê f :

(
Bdom !̈

)M 7→ 2! ´÷

�©-

� =
{(

OP(¨̇y, ẏ), 1
) ∣∣ ẏ ∈

(
Bdom !̈

)M}
.

Ù¥ OP(¨̇y, ẏ) =
{

(ẋ, 1), (ẏ, 1)
}
´M [H]¥kSé (ẏ, ẏH)�;� B-¶©K

�H = {(ẏ, ẏH)
∣∣ ẏ ∈

(
Bdom !̈

)M}
©� f = �H©

�d§·�y²

(
2! ≤ ∣(Bdom !̈)M ∣ = ∣(�!)M ∣

)M [G]
(�£Á§M [G] =

M [H])©d cf � > !§�GCH3M ¥ý§ (�! = �)M§= (�!)M = �©q

dM [G]�±Äê§ (∣�∣ = �)M [G]©Ïd§
(
2ℵ0 ≤ �

)M [G]
©

15¿§
(
Bdom !̈

)M
= Bdom !̈ ∩M = Bdom !̈ ∩MB©Ï�§·�F" ẏ ´M ¥� B-¶§=

ẏ ∈MB©�Ïd§·�ØU{ü/- ẏ =
{

(n̈, 1)
∣∣ n ∈ X

}
©Ï�Ø�½k X ∈M©

2∥'∥��3�fúªe´ýé�§��Bå�§�¡y²ò�ÑL«3M e�éz�þI

M .
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4. (�

o!(�

·�31�!¥�Ñ
ÿÏ*ÜÚå½'X����E�{§¿y²


ÿÏ*Ü�.Úå½'X�Ä�½n (½n2.1Ú½n 2.2)©ùw«
å½

{y²����{Ò´lÄ:�.ÚÙ¥��� SÑu§��E��'

Ä:�.���÷vA½�¦�ÿÏ*Ü©ùp§�Bun)§Ä:�.

�±��*/w�y¢­.©Ù¥� S'X�À�Ty¢­.¥<�'

u,��U­.�£±©ÿÏ*ÜÒ´<�3y¢­.¥£±����U

�­. (�ÿÏÈ�ª(½)©

lÄ:�.9Ù¥ S�ÿÏ*Ü��E��´�½�©éÿÏ*Ü

�5� (¤÷v��é)E¤K��Ì�´Ä:�.ÚÙ¥À�� S©3

1n!¥·�ÏLÀ�Ä:�.¥k¡Ü©¼ê S Fn(� × !, 2)y²


¬CH��é��5©�X§·�ÏL�¦Ä:�.÷v GCH§y²
ë

YÚ�ÄêØ
�����))��êØ�ê§�±3ÄêS�þ?¿��


Ø¬��gñ©Ïd§��8ÜØïÄ���­�ó�Ò´ÏéÜ·�

Ä:�.ÚÙ¥� S§±�ÑÏ"���5(J©
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Abstract

Set theory is the most common accepted foundation of math-

ematics, while ZFC is the most popular axiomatization of set

theory. However, ZFC is not a complete theory, i.e. there ex-

ists a proposition in the language of set theory such that both

itself and its negation are consistent with ZFC. The proofs of

consistence is the main work in today’s researching in set the-

ory. Forcing is the most powerful method of consistency proof.

In this article ,the author introduces the main idea of forcing

by two popular exhibition, arbitrary partial order and complete

boolean algebra, simultaneity.
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